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A numerical truncation technique is described for reducing the numerical instability problems
associated with the utilization of the transfer matrix method, especially in cases where the frequency
of ultrasound, the number of layers, or the thickness of the layers become very large. This rather
simplistic modification to the numerical coding extends the transfer matrix method to a wide range
of applications, without any complex and computationally intensive reformulation.20@0
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INTRODUCTION number of matrix premultiplications when computing the
] ) o global transfer matriXA from the local transfer matrices, ,

_ Modeling of acoustic wave propagation in layered elas- iy the case of a large number of ply groups. Furthermore,

tic media is important because of the extensive range e matrices, contain terms like %, wherew is the ratio

problems which can be a(_jdressed. A populgr apd widel f the wave number component in the thickness direction to

reported method for modeling wave propagation in layere hat along the surface in the incident plane, i.e., a partial

structures is the transfer matrix method, which has beeq) . o solution:¢ is the wave number in the wave number

. —14 ’
credited to Thomsdnand has been well documented component along the surface in the incident plane: dynis

Itis a_well I_<n0wn fact that one of the Charac.te”St'(.:?.Ofthe thickness of thé&th layer. Here, small precision errors
the technique is the occurrence of numerical instabilities o . : .
: . o -~are amplified by the exponential term, especially for high
even for layered isotropic structures. The numerical instabili-; .
ties have been observed especially when the overall thicI}—h'Cknesses' _ .
There are several publications which have addressed the

ness of the structure or the frequency of the harmonic uma_tabilit issue and suagested improvements to reduce the in-
sonic wave becomes very high or when the intermediaté y 99 b

elastic supports are very st#t® The numerical difficulties Stability. For instance, Dunkithad developed a delta opera-

also increase at higher oblique incidence angbesir grazing }\(/ljr It%:r:_mque which ga:. sr;réce l;eecn |Tproved t()jy :({untcil% and

angles. They are reported to be dependent on tHdr,” _H?’ ehvedsque an ';0 h, and gslalngs an Oj' )

parameter which is a product of the frequertty, thickness IS met 0d uses up to 20th-order _eta matrices andis com-
putationally intensive. The method involves computing sub-

(d), and number of ply group$r).}?> Here, ply groups is , : o
defined as the superlayer repetitiofes superlayer being a determinants of local transfer matrices and is aimed at pre-
venting the accumulation of precision errors during

combination of ply groups that can repeat or have mirror . ) b
images. Thus, for thick laminateghigh fdr values having a ~ computation of the global transfer matrix. Most wotkas

large number of ply groups, the transfer matrix method doedeen concentrated on isotropic materials utilizing the delta-2
not provide a reliable model. This results in a limitation of OPerator. However, Castaings and Hostérave adapted the

the model application to very thin layered structures comi€chnique to anisotropic mediaomposite laminatgsvhere
posed of simple stacking sequences. Moreover, inverse proif?€ delta-3 operator has been introduced. Delta operators do
lems like stacking sequence identification and elastic conindeed provide a much-improved transfer matrix formula-
stant inversion become increasingly more difficult to solve. fion, but nevertheless, they result in significantly increasing
The cause of these computational problems is traced tgomputational time as a result of a large number of extra

the loss of precision that occurs when performing normafubdeterminant computations. The computational time on a
arithmetic calculations using computers of limited precision.Sun SPARC Server was determined to increase by 30-40

In the transfer matrix method, the global transfer matrix istimes for a typical thick composite laminate case study.
related to the local transfer matrices by Speed of computation is even more critical during the use of
e inverse techniques for determining the material properties,
where the procedure has to be frequently repeated during a
A=1I A, typical i
] ypical inverse search proceSs-urthermore, as reported by
) ) Castaings and HostéA,closed-form analytical expressions
whereA, is the local transfer matrix of thkth layer of an o the |ocal transfer matrix elements and subdeterminants
n—Iaygred Iammate_. In this mgthod, the rel_a_tlvely insignifi- need to be found using a mathematical software that per-
cant inaccuracies in computation are amplified by the 1argg,ms symbolic operations. This leads to the development of
a considerably new formulation of the technique which can
dElectronic mail: balas@ae.msstate.edu sometimes result in very complex coding for numerical
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TABLE I|. Material properties of the graphite—epoxy composite used in the andRsfs 7).

Viscoelastic graphite/epoxyp& 1500 kg/n)

Elastic Cu Cx Css Cio Cis Cas Cus Css Ces
constantC;;

(GPa 132.00 12.30 12.10 6.90 5.90 5.50 3.32 6.21 6.15
Viscoelastic 743 722 733 712 713 723 Maa 755 Me6
constantz;;

(GPawus) 0.400 0.037 0.043 0.001 0.016 0.021 0.009 0.015 0.020

analysis for both the forward and the inverse solutions. FOFORTRAN 77 and executed on SUN workstations using
thick structures with periodic repetition of layers, Floquetdouble precision and double complex data types.
wave techniques may be applicabfe. The behavior of reflection factor, with and without nu-
merical truncation, for a unidirectional laminate was exam-
ined in a case study where numerical instabilities have been
reported earlief. The frequency and laminate thickness pa-
An approximation algorithm by numerically truncating rameters were those used in Deschamps and Hésten,

the higher end values was attempted, with considerable sufrequency €)=2.242 MHz and thicknessd]=3.434 mm.
cess without compromising computational speed. Loss of acFhe plots of the reflection factor versus incidence angle with-
curacy and validity of the results is always a concern duringout and with numerical truncation are shown in Figg)land
any truncation process. The truncation algorithm discussed

:
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I. NUMERICAL TRUNCATION ALGORITHM

here provided results which compare very well with the re-
sults obtained using the delta operator technifaad was

found to be stable for a wide range of case stulftésThe

technique is simple, almost trivial, and no significant change
in the traditional analytical expressions for the transfer ma:
trix method is required. In this remedy, the error amplifica- §°’7’
tion caused by the exponential terms was limited by setting i 2 1
maximum threshold value on the real part of the exponen %
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(ia&dy). To account for the ply-group dependence, the 5

maximum threshold was set to 25/Hence, the following

condition was imposed:
IF REAL (iwéd,)>25F THEN REAL (iaéd,)=25F.

Here, ¢ is equal to (2rf)/c, wheref is the frequency
andc is the phase velocity of the partial mode. Hence ftire
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parameter, which influences the onset of instabilities, is in- @ INCIDENCE ANGLE theta (degrees)

herent in the numerical truncation algorithm. The selectior
of 25 as the threshold was based on several numerical col
vergence studies conducted on graphite—epoxy composi
laminates. A numerical approach to solving the instability
problems with the transfer matrix method has also been suc
gested elsewher8.
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from fiber-reinforced composite materiaigraphite—epoxy & esq

were considered. The reflection and transmission factor cha g ,,
acteristics for a longitudinal wave obliquely incident on the =
laminate will be employed in order to demonstrate the capa
bility of a numerical truncation technique. Numerical experi-
ments were carried out on the viscoelastic graphite/epox
material used by Deschamps and Hostérhe viscoelastic
material properties are listed in Table I. The three commonly

encountered stacking sequencei,, unidirectional, cross-
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ply, and quasi-isotropic, were investigated. Reflection factogg. 1. a) computed reflection factor response without any numerical trun-

versus incidence angléplots in the¢=0° incidence plane

cation for a viscoelastic unidirectional graphite—epoxy composite laminate

were studied because numerical problems arise at obliquéith thickness d)=3.434 mm, at frequencyf() =2.241 MHz at a plane of

incidence. All multioriented laminates were assumed to b

ncidence along the fibergb) Computed reflection factor response with

umerical truncation correction for a viscoelastic unidirectional graphite—

composed of equal-thickness ply groups, i.edy
=d(total laminate thickness)/ All routines were coded in
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epoxy composite laminate with thicknesd) ¢ 3.434 mm, at frequency
(f)=2.241 MHz at a plane of incidence along the fibers.
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FIG. 2. Computed reflection factor response with numerical truncation for &1G. 4. Computed reflection factor response with numerical truncation for a

very thick viscoelastic cross-ply0/90],5 graphite—epoxy composite lami- very thick viscoelastiq 0/90]gs graphite—epoxy composite laminate with

nate with thicknessd) =100 mm, at frequencyf()=1.00 MHz at a plane  thickness @)=100 mm, at frequencyf()=1.00 MHz at a plane of inci-

of incidence along the fibers. dence along the fibers. This shows some numerical instabilities near 30-deg
angle of incidence.

(b), respectively. As can be observed, without numerical

truncation[Fig. 1(a)], the transfer matrix formulation is com- show the reflection factor plots fdi0°/90°,s, [0°/90°/
putationally stable till around an incidence angle 18°, +45°/— 45°] 5, [0°/90°]gs laminates. It can bé noted from
after which instabilities creep in. On the other hand, incor-FigS_ o_4 that, the reflection factor computation is stable
porating numerical truncatiofFig. 1(b)] stabilizes the com- while the results obtained without employing the numerical,
putation, with the reflection factor being computed right UPruncation were highly unstable. However, from Fig. 4, for
to #=90°. Furthermore, computation with truncation agree 0°/90°]s where the number of pIy-gro[Jp repetitionr,s
extremely well with the result published by Deschamps an L 16 is doubled, as compared f6°/90°],s where r=8
Hoster for the same case—especially the experimental oNg me instabilitieé seem to appear arouhd30°. Neverthé-

at high angles of incidence and for several other Cas?ess, when the laminate thickness was reduced dto
studies® In fact, their numerical computation, in spite of —50 mm (fd=50 MHz mm), no instabilities were observed

using an |mproyed transfgr matrix algorithm, does not rnat‘:’,hl’his demonstrates that the numerical truncation may not be
well with experiments at incidence angles greater than 50°.

Next. the stability of the f lati et i stable for all values ofdr. Yet, based on the laminate lay-
ext, the stability of the formulation with truncation was ups and highfd values used in the case studies here, repre-
examined for a very thick composite laminate. The cas

dv involved 100 hick lami d ol incid enting extreme cases for many practical composite struc-
study involve -mm-thick laminate pates_ atan inci erlrtures, the numerical truncation significantly reduces the
frequency f=1MHz (fd=100MHzmm). Figures 2-4

computational instabilities.

d=100 mm. /
f=1MHz.

/ II. CONCLUSION
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The numerical truncation method, discussed in this let-
ter, involves limiting the exponential terms involved to a

\ certain threshold in order to prevent instabilities due to pre-
fl \ '\ cision inaccuracies and computational limitation in handling
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large numbers. Alternative methods such as the delta opera-
tor technique have been shown to solve this problem, but
these technique require extensive reformulation and signifi-
cantly add to the computational time. In contrast, the numeri-
cal truncation algorithm is simpler and does not compromise
computational speed. Numerical truncation was examined
B Y R R " PR TR TP R T B for unidirectional, cross-ply, and quasi-isotropic viscoelastic
INCIDENCE ANGLE theta (degrees) . . .. .
laminates. It was observed that despite some limitations on

, _ , ) the thicknessyis-a-visply-group repetitions, the method can
FIG. 3. Computed reflection factor response with numerical truncation for

very thick viscoelasti¢ 0/90/+ 45/— 45,5 graphite—epoxy composite lami- be applied SucceSSfl,J”y toa Wld,er range OT laminate stacking
nate with thicknessd) =100 mm, at frequencyf()=1.00 MHz at a plane ~ S€QUENCES, ultrasonic ffequenmes, and thlcknes_ses Where the
of incidence along the fibers. traditional transfer matrix method demonstrates instabilities.
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